arXiv:l506.07394V 1 [math.NT] 22Jun2015 


On the (p, g')-Gamma 
and the (p, g')-Beta functions 


P. Njionou Sadjang 

Abstract. We introduce new generalizations of the Gamma and the Beta 
functions. Their properties are investigated and kown results are ob¬ 
tained as particular cases. 
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1. Introduction 

The g-deformed algebras [El [16] and their generalizations ((p, q)-deforined 
algebras) |H |S] attract much attention these last years. The main reason is 
that these topics stand for a meeting point of today’s fast developping areas in 
methematics and physics like the theory of quantum orthogonal polynomials 
and special functions, quantum groups, conformal field theories and statistics. 
From these works, many generalizations of special functions arise. There is a 
considerable list of references. 

In this work, we give a new generalization of the Gamma and the Beta 
functions, namely, the (p, ( 3 ')-Gamma and the (p, q)-Beta functions. Their 
main properties are stated and proved and connections with the previous 
work are done. It is to be noted that in [13] . the authors provided another 
generalization of the Gamma function. 

The Euler gamma function r(a;) first happens in 1729 in a correspon- 
dance between Euler and Goldbach and is defined for a; > 0 by (see [DEI) 



( 1 ) 


Euler gave an equivalent representation of the Gamma function [Dia 


r(a;) = lim 


n->oo x{x -f 1) • • • (x -f n) 


( 2 ) 
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An immediate consequence of these representations is 

r(a; + 1 ) = a;r(x). 

Also, for any nonnegative integer n, 

r(n + 1) = n! 


follows from the above argument. 

Closely connected with the Gamma function is the Beta function DaHZ! 
defined as 

B{x,y) = [ IRx > 0 , IRy > 0 . ( 3 ) 

Jo 

The Beta function is related to the Gamma function in the following way 


B{x,y) 


r(x)r^_ 

r{x + y)' 


( 4 ) 


Jackson (see (TUI HU [12 ?]) defined the ^-analogue of the gamma func¬ 
tion as 


rg(a;) = - 9)^ 0<g<l, 

and 

An equivalent definition of (IS|) is given in [5] as 

poo 

r,(x)= / 

Jo 

where the g-integral is defined by (see [6ll9l ?]) 

pa 

/ /(s)rf<jS = a(l- 9 ) Vg"/(a 9 "), a > 0, 

^0 _ n 


n—0 


( 5 ) 

( 6 ) 

( 7 ) 

( 8 ) 


/ o oo 

/(s)d,s =-a(l - g) ^g"/(ag”), a < 0, 

n=0 

/ OO oo 

f{s)dqS = a(g”^ “ 1) X! 

n=0 

/ a oo 

f{s)dqs = -a(g"^ “ 7) X! a < 0, 

-OO -n 


( 9 ) 

( 10 ) 

(11) 
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and can be extended to the whole real line by 

using relations (I51)-(ITT]) and 

the following rules 




/•b 




/ f{s)dqs = 

/ f{s)dqS+ 1 

1 f{s)dqS 

Va, 6 G R 

J a 

J a J 

0 


poo 

/ fis)dqS = 

b 

1 f{s)dqS+ 1 

p oo 

' fis)dqS 

Va, 6eR, a<0, 6>0 

J a 

J a J 

b 



pa 

pb 


/ f{s)dqS = 

J — oo 

/ f{s)dqS + 

J — OO 

/ f{s)dqS 
J a 

Vo, 6 gR, a < 0, b > 0 

pOO 

/ fis)dqS = 

J — oo 

f fis)dqS + 

J — oo 

[ f{s)dqS 
J a 

pOO 

+ / f{s)dqS Va, 6 gR. 

Jb 


2. Definitions and Miscellaneous Relations 

Let us introduce the following notation (see [7].[5].[T^1 


■ip,q 


pu -qu 

p-q 


( 12 ) 


for any positive integer. 

The twin-basic number is a natural generalization of the g-number, that is 


liui[n]p^q = [n]q. 

p —^1 

The (p, ^(-factorial is defined by l[8l [T4]l 

n 

Np,,!=nWp.9^ [0]p,5! = l. 

Let us introduce also the so-called (p, g)-binomial coefficient 

0 < k < n. 






(13) 


(14) 


(15) 


Note that as p ^ 1, the (p, g)-binomial coefficients reduce to the g-binomial 
coefficients. 

It is clear by dehnition that 


(16) 


n 


n 

k_ 


n — k 


Let us introduce also the so-called the (p, g)-powers [H] 

{xQa)p g = {x - a){px - aq) ■ ■ ■ {xp'^~^ - 
(a;©a)p = (a;-I-a)(pa:-I-ag) • • • (a;p”“^-I-ag”“^). 


(17) 

(18) 
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These definition are extended to 


CX 3 


oo 

(19) 

{a(Bb)^q^l[{ap'^ + q'^b) 

(20) 


where the convergence is required. 

Proposition 2.1. The following identities are easily verified 


(a 0 b)p q 

(a 0 b)^q 
{ap^ 0 bq^)y^q 

(21) 

(a ©6)”+'= 

= iaeb)lq{ap^Qbq^)lq 

(22) 

(ap-ebqXq 

{aeb)^pjap>^ebqX^ 

(a © b)yq 

(23) 

{ap^ebq’^Tp-^ 

{a 0 b)p q 

(a © 6)p,q 

(24) 


{aeb);jap^ebq^)^p^q 
(a © b^p^ 

(25) 

{a^ebX,q 

= (a Q b)p q{a (B b)p q 

(26) 

(aebfp-q 

= iaQb)p2q2{apQbq)p2q2 

(27) 

(a 0 6)p” 

= (a © b)p3 q3 {ap 0 bq)p3 q3 {ap^ 0 bq^)'^3 q3 

(28) 

(aebYp-q 

= X{{apy Qbq%^^,. 

(29) 


i=o 



3. The (p, g)-Gamma function 

Definition 3.1. Let x be a complex number, we define the {p, q)-Gamma func¬ 
tion as 


^p,qix) — 


(pQg)".? „M-X 




ip-qy 0<q<p. 


(30) 


Remark 3.2. Note that in hSlX) . if we put p = 1, then Tp^q reduces to Tg. 

Proposition 3.3. The {p, q)-Gamma function fulfils the following fundemental 
relation 

Tp^q{x + 1) = [a:]p,ijr (x). (31) 

Proof. By definition, we have 


Tp,q{x + 1) = “ «) 


(^px+l Q qx+l)^^ 


□ 








{p, q)-Gainma function 
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Remark 3.4. If n is a nonnegative integer, it follows from iSl\) that 

+ 1) = [n]p^g!. 

It can he also easyly seen from the definition that 

ip © <l)p,q 


rp,(j(n + 1) — 


(p - lY 


Proposition 3.5 ((p, g)-Legendre’s multiplication formula). The following mul¬ 
tiplication formula applies 


rp,g(2^r)rp2 g2 


= ip+ q) r 2 2 (x)r 2 2 x-\- 


1 


(32) 


Proof From the definition, we have 


(^) — 


ip^eq^) 


, 2 \oo 


P jQ 


(^p2x 0 q2x^ 


-ip^-q^ 


Tp2^q2 I X - 


iP^eq^) 


P iQ 
.2\oo 


g2 1 _ I — 


(jp,x+i Q q2x+i'j 

(p"©9")S 


ip^-qY^ 


2\ -k—x 


p ,q 
2 ^2\k 


ip © q)l 


ip^-qY^. 


Hence, 

TpS (x)rp 2 g 2 (^“1“ 2 ) 


r 2 2 

P ,Q 


ih) 


jp^ eq^)^2^q2ipQq)^^q2 

^p2x 0 q2xp^^^(^p2x+l 0 


■ip^-qY 


2\l-2x 


ipoq) 


00 

p-.q 


ip-qy-^^ip + q) 


l-2x 


^p2x 0 q2x)^^ 

= (p + 9)^"^"Tp,,(2a;). 

This proves the proposition. 

The (p, q)-Legendre’s multiplication formula is generalized as follows. 


□ 


Proposition 3.6 ((p, g)-Gauss’ multiplication formula). The following multi- 
plieation formula applies 

n — 1 / 1 \ n—1 

/ £ 2 . \ 

(33) 




rp.,(nx) n ^p^,^ f - j = (Np.,)'^"-' n Tp".. 


k=0 


Proof As for the previous proposition, we start by using the definition as 
follows 


n J ip^ Q q'^Y 


k 

x -\— I = 


(p” 0 (?")= 


n J (pnx+k 0 qnx+k y 


-(p"-g”) 


n\l---x 
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Hence, we have 

n—1 

Hr, 




[(p” 0 q 


.n\oo 

pn^qT 




/c=l 

[(p"eg-)gs,,n]" 

n—1 

n (p.p^ eq.q^)^^q^ 

fe=0 


-{p^-qn"^ 




(poq) 


oo 

P:<? 




and 


Hr, 

fe=0 


a _ [(p”e9”)r".9'‘]’ 


a: H-= 


n (p”^+'= eg”^+'=)^,q: 

k=0 

[(pr^Qqn^oo r 


i: (1-^-2^) 
.{pn-q^Y=o 


(j^nx 0 


■g"-! (p" _ -hl-na;)^ 


It follows that 


n—1 

n Tpn gn (a; + 
k=0 


(poq) 


P^Q (^n ^n\l—nx 


P^Q 


n — 1 (r\TLX /Ch ri'^x\oc 

fe=l 

jp 0 g)g?g 


(p” - qy 


-{p-qy 


(^pnx 0 gn^)c 
= (Wp,9)^“”"Tp,,(na;). 


p” - q^ 
p-q 


1—nx 


The proposition is then proved. 


□ 


4. The (j9, g)-Beta function 

Definition 4.1. Following (jH), we define the {p,q)-Beta functions as 


Bp,q (a^) y) 


^p,q{^)^p,q{y) 

Tp^q{x + y) 


(34) 












(p, ( 7 )-Gainma function 
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Proposition 4.2. The (p, q)-Beta function fulfils the following properties 


Bp,q{x,y + 1) 
Bp^qix +1,7/) 
Bp^q{x +1,7/) 
Bp,q{x + n,7/) 


[v\p,q 
' + y\p, 


p,q 


X 


p,q 


[x + y] 


'Bp,q{x, y) 
Bp,q{x, y) 


^Bp^q{x,y + 1 ) 


[y]p,q 

ip^eqn;,q 

{p^+v © q^+v)^ 


Bp,q{x, y). 


(35) 

(36) 

(37) 

(38) 


References 

[1] G.E. Andrews, R. Askey, R. Roy: Special Functions, Encyclopedia Math. Appl. 
71, Cambridge University Press, Cambridge, 2000. 

[2] T.M. Apostol, Introduction to Analytic Number Theory, Springer, 1976. 

[3] J.D. Bukweli-Kyemba, M.N. Hounkonnou: Quantum deformed algebras : coher¬ 
ent states and special functions, http://arXiv: 1301.0116vl, 2013. 

[4] I. M. Burban, A. U. Klimyk: (P, (^(-Differentiation, (P, Q) integration, and 
(P, (3)-hypergeometric functions related to quantum groups, Integral Transform 
and Special Functions, 2:1, 15-36, (1994) 

[5] R. Chakrabarti, R. Jagannathan, A (p,q)-oscillator realization of two-parameter 
quantum algebras, J. Phys. A: Math. Cen. 24, L711, 1991 

[6] M. Foupouagnigni: Laguerre-Hahn orthogonal polynomials with respect to the 
Hahn operator, fourth-order difference equation for the rth associated and the 
Laguerre-Freud equations for the recurrence coefficients, Ph.D. Thesis, Universit 
Nationale du Bnin, Bnin, 1998. 

[7] R. Jagannathan, K. Srinivasa Rao, Two-parameter quantum algebras, twin-basic 
numbers, and associated generalized hypergeometric series, in: Proceedings of 
the International Conference on Number Theory and Mathematical Physics, 
Srinivasa Ramanujan Centre, Kumbakonam, India, 20-21 December 2005 

[8] R. Jagannathan, R. Sridhar, {p,q)-Rogers-Szegd Polynomials and the {p,q)- 
Oscillator, K. Alladi et al. (eds.), The Legacy of Alladi Ramakrishnan in the 
Mathematical Sciences, 2010. 

[9] V. Kac, P. Cheung: Quantum calculus, Springer, (2001). 

[10] T. Kim, On a q-analogue of the p-adic log gamma functions and related inte¬ 
grals, J. Number Theory 76 (1999) 320-329. 

[11] T. Kim, A note on the q-multiple zeta functions, Advan. Stud. Contemp. Math. 
8 (2004) 111-113. 

[12] T. Kim, S.H. Rim, + note on the q-integral and q-series, Advanced Stud. Con- 
temp. Math. 2 (2000) 37-45. 

[13] V. Krasniqi, F. Merovci, Some completely monotonic properties for the (p,q)- 
Gamma function, http://arxiv.org/abs/1407.4231vl, 2014. 

]14] P. Njionou Sadjang, On the fundamental theorem of {p, q)-calculus and some 
{p,q)-Taylor formulas. Submitted to Integral Transform, 2014. 



P. Njionou Sadjang 


[15] A. Odzijewicz, Quantum algebraa and q-special functions related to coherent 
states maps of the disc, Commun. Math. Phys., 192, 183-215, 1998 

[16] C. Quesne, K. A. Penson, V. M. Tkachuk, Maths-type q-deformed coherent 
states for q > 1, Phys. Lett. A 313 29, 2003 

]17] N. M. Temme: Special Functions, an Introduction to Classical Functions of 
Mathematical Physics, John Wiley & Sons, New York, 1996. 

P. Njionou Sadjang 

Faculty of Industrial Engineering 

University of Douala 

Cameroon 

e-mail: pnjionou@yEdioo.fr 



